ALMOST CONTINUOUS ORBIT EQUIVALENCE 
FOR NON-SINGULAR HOMEOMORPHISMS 



Alexandre I. Danilenko and Andres del Junco 

Abstract. Let X and Y be Polish spaces with non-atomic Borel measures fi and u 
of full support. Suppose that T and S are ergodic non-singular homeomorphisms of 
{X, fi) and (y, u) with continuous Radon-Nikodym derivatives. Suppose that either 
they are both of type I Hi or that they are both of type III\, < A < 1 and, in the 
III\ case, suppose in addition that both 'topological asymptotic ranges' (defined in 
the article) are log A ■ Z. Then there exist invariant dense G^-subsets X' C X and 
Y' (Z Y o{ full measure and a non-singular homeomorphism </< : X' —> Y' which is 
an orbit equivalence between T\x' and S\y' , that is i/i{T*x} = {S*a;} for all x £ X' . 
Moreover the Radon-Nikodym derivative dv o (^jdji is continuous on X' and, letting 
S' = (f>~^S<f> we have Tx = S'"^^^x and S' = T™(^'x where n and m are continuous 
on X'. 



0. Introduction 

The study of measure-theoretic orbit equivalence was initiated by H. Dye [Dyl], 
[Dy2] who proved that the orbit equivalence relations of any two ergodic finite 
measure preserving transformations are measure theoretically isomorphic when re- 
stricted to some invariant subsets of full measure. W. Krieger obtained in [Krl], 
[Kr2] a far-reaching generalization of Dye's theorem and classified, up to measure- 
theoretic orbit equivalence, all ergodic non-singular transformations. Dye's and 
Krieger 's theorems extend to ergodic actions of countable amenable groups [CFW]. 
In contrast to that, any non-amenable countable group has uncountably many non- 
orbit equivalent probability preserving ergodic actions [Hj], [Ep]. On the other 
hand, amenability plays no role in generic orbit equivalence: given any two topo- 
logically transitive countable groups of homeomorphisms of perfect Polish spaces, 
their orbit equivalence relations are homeomorphic after restriction to some invari- 
ant dense Gs subsets [SWWr]. 

Consider now the class of homeomorphisms of Polish spaces equipped with er- 
godic nonsingular measures of full support such that the Jacobian (Radon-Nikodym 
derivative) of the homeomorphism with respect to its non-singular measure is con- 
tinuous. We consider a notion of orbit equivalence for these which combines the 
notions of generic and measure-theoretic orbit equivalence. We say that two such 
homeomorphisms are almost continuously orbit equivalent if their orbit equivalence 
relations restricted to some invariant dense G^-subsets of full measure are isomor- 
phic by a nonsingular homeomorphism which has a continuous Radon-Nikodym 
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derivative and such that the co-cycles associated to the orbit equivalence are con- 
tinuous (see Definition 1.1 below). 

T. Hamachi and M. Keane initiated investigation of such a kind of equivalence 
in the measure-preserving case [HK] by constructing a weakly continuous (finitary 
in their terminology) orbit equivalence between the binary and ternary odometers. 
We use the term 'weakly' here since they only required that the orbit equivalence be 
a homeomorphism between subsets of full measure, although their method in fact 
does seem to yield &Gs- It is worth mentioning that in the case of transformations 
defined on infinite product spaces 'weakly almost continuous' is equivalent to 'fini- 
tary' in the sense of the celebrated work of M. Keane and M. Smorodinsky [KS]. In 
a series of subsequent works this was extended to all odometers [Rl] , irrational rota- 
tions [R2] and Bratteli-Vershik adic transformation [HKR] and irreducible Markov 
chains [RRu]. All of these transformations are probability preserving homeomor- 
phisms of compact metric spaces. 

Recently A. del Junco and A. Sahin [dJS] established an almost continuous 
version of Dye's theorem: any two ergodic probability preserving homeomorphisms 
of Polish spaces are almost continuously orbit equivalent. The same is true for 
any ergodic homeomorphisms preserving infinite cr-finite local measures [dJS]. The 
purpose of the present paper is to prove an almost continuous version of Krieger's 
theorem for systems of type < A < 1. 

If we only require an orbit equivalence to be a homeomorphism between invariant 
sets of full measure then we obtain a weaker notion of orbit equivalence which we 
have referred to above here as weakly continuous orbit equivalence. In fact the 
main result in [JRW] shows that, under mild assumptions, this is no stronger than 
measure-theoretic orbit eqiiivalence. Although the result there is stated and proved 
only in the measure-preserving case the statement and its proof remain valid in the 
non-singular setting. In fact one has the following quite general result. 

Theorem. Suppose X and X' are separable metric spaces with Borel probabil- 
ity measures /i and fi' and G, G' are countable ergodic groups of measurable non- 
singular transformations on X and X' . If cj) : X X' is any measurable non- 
singular orbit equivalence of G, G' then there exist elements a, r in the measurable 

full groups of G,G' such that T(/)cr (which is also an orbit equivalence!) is a home- 
omorphism between invariant subsets Xq,Yq of full measure. 

Section 1 contains the main definitions. We introduce there a topological ana- 
logue rtop of the (measure theoretical) asymptotic range for the Radon-Nikodym 
cocycle of a system. It is a closed subgroup of M which contains the asymptotic 
range and it is invariant under almost continuous orbit eqiiivalence. We give an 
example of type III homeomorphisms which are measure-theoretically orbit equiv- 
alent but not almost continuously orbit equivalent. In Sections 2 and 3 we prove 
the the main result of the paper: 

Theorem 0.1. Let {X,t,ij,,T) and {X' ,t' , ii' ,T') be ergodic non-singular homeo- 
morphisms of Polish spaces. If the two systems are either 

(i) of type IIIx, < A < 1, and rtopiPfi) = nopiPfi') = log A ■ Z, or 

(ii) of type IIIi 

then they are almost continuously orbit equivalent. 

In the proof we combine techniques developed in [dJS] for measure-preserving 
continuous systems with an approach to Krieger's theorem from [KaW] (see also 

2 



[HO]). We also achieve a significant technical simplifieation of the method of [dJS] 
by mapping the two spaces involved into a common symbolic space, thereby re- 
moving the need for the many- to-one set mappings in [dJS]. We do not know 
whether the assumption rtopip^) = ^top(pP = log-^ ' ^ in (i) can be weakened 
to rtopiPi^) =nop{p'P- 

1. Non-singular homeomorphisms and 
groups of homeomorphisms of polish spaces 

By a dynamical system we mean a quadruple {X, t, p,, T), where (X, t) is a Polish 
space, jjb a non-atomic Borel probability measure on X and T a /x-non-singular 

homeomorphism of X satisfying 

(•) /i is of full support, i.e. p,{0) > for all O £ t, 
(•) T is ergodic and 

(•) the Radon-Nikodym derivative X B x {dfi o T/dfi){x) G M is continuous 
(i.e. has a continuous version). 

It follows from these assumptions that any set of full measure is dense in X, that X 
is perfect and that T is topologicaly transitive, i.e. there exists a point of X whose 
orbit is dense. The continuous Radon-Nikodym derivative is defined everywhere 
in a unique way. We denote the T-orbit equivalence relation by TZt- It is a Borel 
subset ofXxX. Let : TZt ^ stand for the (logarithm of the) Radon-Nikodym 
cocycle of T, i.e. p^(a;, T"a;) = log ^^^(a;). 

Definition 1.1. An invariant dense G^-subset of full measure (and the restriction 
of the system to this subset) is called an inessential reduction of the system. 

Two systems {X, r, /U, T) and {Y, a, v, S) are almost continuously orbit equivalent 
if there are inessential reductions Xq C X and Yq C Y and a homeomorphism 

(p : Xq ^ Yq such that 

(a) (j){{T"x : n G Z}) = {S"(I)X : n e Z} for all x e Xq, 

(b) /i o (^~^ ~ 1/ and the Radon-Nikodym derivative 

Yo^y^ {diJ,o (j)''^ / dv){y) G K 

is (i.e. can be chosen) continuous, 

(c) letting S' = (j)~^S(p we have Tx = S'^'^^^x and S" = T^^^^a; where n and m 
are continuous on Xq. 

Notice that an inessential reduction of a dynamical system is a dynamical system, 
i.e. the three already mentioned properties marked with (•) are satisfied. Since in 
this paper we study dynamical systems up to almost continuous orbit equivalence 
we will often ignore the difference between a dynamical system and an inessential 
reduction of it and thus use the same notation for them. In particiilar, as was 
shown in [dJS], by passing to an invariant dense Gs subset of full measure we can 
and shall assume without loss of generality that 

(•) {X, t) is 0-dimensional, i.e. there exists a countable base of X consisting of 

clopen subsets. 

In the proof of Theorem 0.1 we will establish that the two systems are almost 
continuously orbit equivalent to a common intermediate symbolic system where 
the action is not by a single homeomorphism but by a group of homeomorphims 
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so wc need to make a few remarks about almost continuous orbit eqiiivalence in 
this more general context. Suppose G and H are countable groups of non-singular 
homeomorphisms of Polish probability spaces X and Y. Note that we do not 
assume that G or H acts freely. Definition f .1 of almost continuous orbit equivalence 
extends in an obvious way to this context. Condition (c) in that defintion is replaced 
by the following: letting G' = (f)~^H(p, for each h G G' we have hx = a{x)x where 
a : Xq ^ G is continous on Xq and for each g E G wc have gx = b(x)x where 
b : Xq ^ G' is continuous on Xq. (Since we have not assumed freeness the functions 
a and b here need not be uniquely defined.) It is clear that the composition of almost 
continuous orbit equivalences is again an almost continuous orbit equivalence, after 
restriction to a suitable inessential reduction. 

If X is a Polish probability space and P(x) is a property of a point x G X then 
wc will say that P{x) holds virtually everywhere if the set where it holds contains 
a dense subset of full measure. Any such set will be called virtually full. A 
function on X will be called virtually continuous if there is a virtually full subset 
where the restriction of the function is continuous. A subset E is virtually open 
(closed) if it agrees virtually everywhere with some open (closed) set and virtually 
clopen if it is virtually closed and open. Equivalently, E is virtually clopen if 
there is a virtually full subset X' such that i? n A' is relatively clopen in A', or 
1b is virtually continuous. Since every virtually full set contains an inessential 
reduction and we can freely restrict to any inessential reduction we will often blur 
the distinction between clopen sets and virtually clopen sets, as well as between 
continuous and virtually continuous functions. 

It is also useful to view almost continuous orbit equivalence in terms of a suitable 
full group. Suppose G is a countable group of non-singular homeomorphisms of a 
Polish probability space X. We consider all homeomorphisms h : Xq ^ Xi between 
virtually full subsets Xq and Xi having the form h{x) = a{x)x, where a : Xq ^ G 
is continuous on Xq- Note that any such h is necessarily non-singular, with a 
continuous Jacobian. We consider two such homeomorphisms to be equivalent if 
they agree virtually everywhere. 

The collection of equivalence classes is then a group which wc will denote by 
[Gjtop and refer to as the topological full group of G. Evidently if cp is an almost 
continuous orbit equivalence of groups Gi and G2 then <j)~^ [G2]top0 = [Gi]top. Con- 
versely it is easy to check that if (p ■ Xq Yq is any non-singular homeomorphism 
between virtually full subsets (invariant or not) which conjugates the topological 
full groups then (after restriction to a suitable inessential reduction) is an almost 
continuous orbit equivalence. (The proof of this is formally the same as the proof of 
the corresponding fact in measure-theoretic orbit equivalence.) Finally we remark 
that the groups Gi need not consist of everywhere defined homeomorphisms: it 
suffices to have virtually everywhere defined homeomorphisms whose equivalence 
classes form a group. 

We will also have occasion to use the topological full groupoid [[G]]top of G. We 
define [[G]]top as the set of all (equivalence classes) of homeomorphisms h : A —y B 
such that A and B are virtually clopen subsets of X and h{x) = a{x)x for some 
a: A^ G which is continuous on A. 

The following lemma from [dJS] will be used often in this work. 

Lemma 1.2. Let A c X be a clopen subset and n{A) = Yl°^i ai with ai > 0. Then 
there exists a partition A = |J^i Ai of A into clopen subsets Ai ( on an inessential 
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reduction) such that iJ.{Ai) = ai for all i. 

Proof. This is essentially Lemma 2(b) of [dJS] where the Ai arc only open. We 
may take them to be clopen here because of the implicit inessential reduction. In 
[dJS] Lemma 2(b) follows from Lemma 2(a) which asserts that for any e > ^ 
may be partitioned into finitely many clopen sets of measure less than e and was 
proved using the (measure-preserving) dynamics. However it is easy to give a non- 
dynamical proof. Let {Ui} be a countable basis for the topology and every Ui is 
clopen. Then for each x € A there is a Ui of measure less than e which contains 
X. Disjointifying the countably many sets so obtained we get a countable partition 
of A into clopen sets of measure less than e and the existence of a finite partition 
follows immediately. □ 

We recall the concept of the asymptotic range r(p^) C M of ([Kr2], [HO]) and 
define a topological counterpart rtopip/j.) of this concept. 

Definition 1.3. 

(i) A real t belongs to r(/0^) if for any e > and any subset A C X of positive 
measure there are fc ^ and a subset B c A of positive measure such that 
\Pf,{x,T''x) -t\<e for all x e B. 

(ii) If the above property holds only for all virtually clopen subsets A of positive 
measure we write t G rtopip^)- Notice that then the corresponding subset 
B may be chosen virtually clopen. 

It is easy to verify that rtop(p^) is a closed subgroup of M and evidently rtopiPn) ^ 

r{pfj_). It is also easy to verify that the asymptotic range and the topological asymp- 
totic range of the Radon-Nikodym cocycle are invariant under measure-theoretic 
orbit equivalence and almost continuous orbit equivalence respectively. 

Given a subset A of positive measure, T induces a non-singular transformation 
Ta on the space {A,ii \ A). If A is clopen then Ta & [[T]]top and there exists an 
inessential reduction X' of X such that Tahx' is a homeomorphism of ^4 fi X'. In 
what follows by Ta we mean Tahx'- Of course, the T^-orbit equivalence relation 
coincides with Ut r\ {X' n A x X' (1 A). 

Lemma 1.4. Let A and B be two non-empty clopen subsets of X. If one of the 
following is satisfied: 

(i) T preserves fi and p{A) = p,{B) or 

(ii) T is of type III 

then there exist open subsets A' C A and B' C B with p(A \ A') = ^{B \ B') = 
and a homeomorphism S : A' ^ B' such that S e [[T]] top- 

Proof. The case (i) was demonstrated in [dJS]. 

We now consider the case (ii). We construct S via an inductive process. Since 
T is of type there are > and mutually disjoint Borel subsets {Ai)\i\^j^ 
of A such that 0.5/u(^) < E|i|<ArM(^i) < m(^), the sets Bi := TM,, \i\ < N, 
are mutually disjoint Borel subsets of B and 0.5p{B) < J2\i\<N t^i^i) < m(-S) 
[Kr2], [HO]. Fix a small e > and find mutually disjoint clopen subsets C A 
such that p{AiAA°) < e/x(Ai), the subsets B° := TM?, \i\ < N, arc mutually 
disjoint (clopen) subsets of B and p{BiABf) < ep{Bi). Now we can define a 
homeomorphism — a 'piece' of S — from the clopen subset A? := |J|i|<jv^i ^ 
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onto the clopcn subset B° U\i\<N of B by setting Sx = T^x if x £ A°. 
Notice that > 0.5m(A) and ^i{B°) > 0.5n{B) if e is sufficiently small. This 

completes the first step of the inductive procedure. Now repeat the same for the pair 
of clopen subsets A\A° and B\B^ and so on. It remains to concatenate the 'pieces' 
of S that were defined in all steps to obtain a homeomorphism cj) <E [[T]]top from an 
open subset A' of A, ij.{A') = ij.{A), onto an open subset B' of B, ix{B') = ix{B). 
The graph of 5 is a subset of TZt because each 'piece' of S enjoys this property. □ 

Corollciry 1.5. If T is of type III and A is virtually clopen then Ta is almost 
continuously orbit equivalent to T. 

For some non-clopcn subsets A c X, the induced system Ta can be well de- 
fined too. However, it may not be almost continuously orbit equivalent to T. We 
illustrate this by the following example. 

Example 1.6. Lot C,, := {0, 1} if n is odd and C„ := {0, 1, ... ,77,2 + 1} if n is 
even. Let T stand for the odometer on the infinite product space X = 
endowed with the infinite product topology (C„ are all endowed with the discrete 
topology). Then T is a homeomorphism of a 0-dimensional compact metric space 
(Cantor set). Fix two reals < A, a < 1. We define a probability measure /x„ on 
C„ by setting /Lt„(0) = (1 + A)~^ and yUn(l) = ^/{^ + ^) for odd n and for even n 



It is easy to see that the product measure fj, = A*ra on X is non-atomic. 

Moreover, T is /z-non-singular and ergodic. Let A := Ci x C2 x C3 x C'^ x . . . , 
where := {2,3,...,n^ + l}. Then A is a compact meager subset of X and 
IJ,{A) > 0. It is easy to see that Ta is a well defined homeomorphism of A, in fact 
an odometer, and the dynamical system {TA,t^ \ A) is of type III\. Hence T is 
also of type IIIx. Notice that the map x 1-^ Pfi{x, Tx) is continuous everywhere on 
X except of a singleton. It is easy to verify that {log A, log a} C rtop(p/i). Since 
takes values in the group generated by log A and log a, it follows that rtop(pp) is 
the closure of this group. Thus rtop(pp) 7^ I'ipii) whenever a is not a power of A. 
It follows that T and Ta while being orbit equivalent are not almost continuously 
orbit equivalent. 

Lemma 1.7. // rtop(/5^) n [a,h] = then there is a clopen subset A d X with 

Pnix, y) ^ [a, 6] for all (x, y) e TZt f\{Ax A). 

Proof. We first find for each t € [a, 6], a clopen subset Bt C X and et > such 
that Pfj,{x,y) ^ {t — et,t + et) for all TZt H {Bt x Bt). Select a finite collection of 
the intervals {t — et/2, t + et/2) that cover the entire [a, b] and enumerate them as 
{ti — £i/2,ti + ei/2), 1 <i < I, with corresponding sets Bi. Since T is ergodic and 
the Radon-Nikodym derivative dp o T/dp is continuous, there exist a clopen subset 
C2 C Bi and fc e Z with r'^C2 C B2 and the map C2 B x p^(a;,T''a;) is close to 
a constant. Take {x,y) € Tlx n (C2 x C2). Then 

Pn{x, y) ^ {ti -ei,ti+ ei) and 



Pn{i) = < a/(n' 



2(1 + a)), 
^2(1 + a)). 



if i = 1 

if 1< i < + 1. 



if z = 



Pn{x,y) = Pij.{x,T'', 



x) + Pi^iT^x, T'^y) - p^iv, T%) ^ (ta -e2,t2 + £2). 
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Continue in this fashion to got clopcn sets C2 D D ■ ■ ■ D Ci such that for some 
ki we have T'^^Ci C -Bj and the map Cj 9 a; h-s- T'^'x) is close to a constant. 
Setting A:= Ci proves the lemma. □ 

Lemma 1.8. There is an inessential reduction X c X and a countable base 
{Oi)i^i of the topology in K such that the sets 

{xeX\p^{x,Tx)GOi}, 1=1,2,... 

are clopen in X (in the relative topology). 

Proof. Wc first notice that there are no more than countably many t gM., say bad 
t, such that the closed subsets 

Ft:={xGX \ p{x, Tx) = i] 

have positive measure. Chose a countable family of intervals (Oj)^i in R which 
generate the topology and whose end points are not bad. Let F be the smallest 
T-invariant subset that contains Ft when t runs through the end points of all Oj, 
1 = 1,2,.... It remains to put X := X\F. □ 

Definition 1.9. Given r > 0, we let U := {0, 1, . . . , r — 1} and endow it with the 
discrete topology. A subrelation S C TZt is called r-uniform if there are a clopen 
subset B C X and a homcomorphism h : Ir x B —> X such that h{Ir x {b}) = S{b) 
and h{Q, b) = b iov b G B and for each i the map 

B 9 /i(0, 6) H^- h{i, b) e h{{i} x B) 

belongs to [[r]]top. We call B an S- fundamental subset and h an (S, B)- splitting 
homeomorphism. Associated to «S we have a finite subgroup Gs of [T]top corre- 
sponding to the action of the permutation group Sr on J^. We also have a natural 
projection p : X ^ B mapping h{i, b) to h{0, b) for each i. 

It is worth noting that neither B nor h is determined uniquely by S or (S, B) 
respectively. In a similar way, Gs depends really on (<S, B, h) and not only on <S 
alone. Each g-uniform subrelation T of TZt H {B x B) extends canonically, via iS, 
to an rg-uniform subrelation 

T := {{x,y) e TZt \ {p{x),p{y)) e T} 

of TZr-J^e call it the natural extension of T to X. Each T- fundamental subset is 
also a T-fundamental subset. 

The following topological version of the non-singular Rokhlin lemma can be 
proved in the same way as its measure-preserving counterpart (Lemma 6, [dJS]). 

Lemma 1.10. Given e > and an integer N > 0, there is a clopen subset 
A c X such that the subsets T^A, i = 0,. . . ,N, are mutually disjoint and fjb{X \ 
[^^,T^A)<e. 

We need this lemma to obtain the following result. 
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Lemma 1.11. Let S be a uniform suhrelation of TZt and let B d X he an S- 
fundamental subset. For each e > 0, there exists a uniform subrelation T C TZt H 
{B X B) such that n{{x gX \ TxG T(x)}) > 1 - 2e. 

Proof. Take i5 > such that whenever C is a subset of B with /x(C) < 5ijl{B) then 

Denote hy Tb ■ B ^ B the induced homeomorphism. Select a clopen subset 
A c -B and a positive integer M such that iJi{A) > (1 - 6/2)ij,{B) and TS{x) C 
[J|j|^j^^ iS(rjjx) for each x <= A. Wc deduce from the Lemma 1.10 that for a suffi- 
ciently large N > M, there exists a clopen subset Bq c B such that the subsets 
T^Bq, i = 0,. . . ,N — 1 are mutually disjoint and 

. N-M . 

Jb\\J Ti,BA <5ii{B)/2. 

^ i=M ^ 

Partition the subset B \ Uil:0^ ^s-^o into non-empty clopen subsets Dj, < 
j < N. By Lemma 1.4(ii), there are homeomorphisms 7j : Dq Dj belonging 
to [[T]]top- Now we define an equivalence relation T on B by setting {x,y) G T if 
either 

— X = TqZ and y = T^z for some z £ Bq and < i,j < N or 

— X = 'jiZ and y = -yjz for some z G Dq and < i,j < N. 

It is obvious that T is an A^-uniform subrelation of TZt ri{B x B). Let E stand for 
the union of all subsets S{x) when x runs through A n \_\M<i<N-M ^h^o- Then 
H{E) > 1 - e and Ta; G r (x) for all x G E. □ 

We remark that the set O := {x € X \ Tx G T{x)} in the conclusion of 
Lemma 1.11 is automatically (virtually) clopen and that T\o & [[(jr(x)l]*°P" 

2. Type IIIx with < A < 1 

In this section we prove Theorem 0.1 in the case when T is of type III\ with 
< A < 1. 

Proposition 2.1. Let {X,t, ^i^T) be a dynamical system with rtop(/Op) = log A • 
Z. (We do not assume that r{p^) = logA • Z). Then there exists an equivalent 
probability measure Ji such that p-jx{x,y) G log A • Z for all {x,y) G TZt and dfL/dp 
is continuous (when restricted to an inessential reduction). 

Proof. We first note that if there are 77 > and a clopen subset Ad X such that 

P^i{x, y) ^ [log \ + r], -rf\ for all {x, y) G n (A x A) 

then p^{x, y) G log A • Z -I- (-77, 77) for all {x, y) G 7^T n (A x A). 

Fix a summable sequence (rji)'^^ of positive reals. It follows from Lemma 1.7 
and the last remark that there exists a clopen subset Aq d X such that 

Pt,{x,y) GlogA-Z-F (-771,771) for ah {x,y) G "R-t n (Aq x Aq). 

Passing to an inessential reduction, we can represent X as, X = Ufc^o^^' where 
Ak is clopen and T~'^Ak C Aq. We now apply Lemma 1.8 to find a continuous 
function : X —>■ (log A, — log A) such that 0i = on Aq^ and 

h{x) + Pij,{x,T-''x) GlogA-Z-F (-771,771) foralla;G Afe. 
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Let /xi := exp(0i) • /x. Then it is easy to verify that 

(2-1) Pni{x,y) e logA-Z + (-37?i,377i) for all {x,y) e 1^. 

We now repeat the process with /Ui in place of /x to obtain ^2 = exp((/)2)/xi such 
that 

Pm {x, y) G log A • Z + (-8772, 8772) for all (a;, y) G TIt- 

However, now because of (2-1) we sec that ^2 may be chosen with values in 
(— 3?7i, 3?7i). Continuing in this fashion we obtain a sequence (/Lti)^;^ of measures 
such that = exp((/)i)/ii, (pi is continuous, ji^i+il < 3?7i and 

Pm {x, y) G log A • Z + (-87?,, 3j?i) for all (x, y) G Ut- 

The series X^j>o "i^* converges uniformly to a continuous function (j) and we have 
only to set Ji = exp((/))/i to complete the proof. We note that Jl (as well as Jli) can 
be infinite by construction. Nevertheless it is locally finite. Hence, after multiplying 
by a suitable continuous function taking values in {nlog A : n G Z}, we may assume 
without loss of generality that ]1 is finite. □ 

We will call Jl a special measure for T. 

Remark 2.2. If rtopip^) = log A • Z and Jl is special then the "measure-preserving" 
subrelation S := {{x,y) G Tlx \ pji(x,y) = 0} of TZt is ergodic if and only if 
r(p^) = log A • Z. 

To see this let us agree to say that measurable subsets A and B communicate 
via I € Z if there are subsets A' C A, B' C B oi positive measure and G Z such 
that T'^A' = B' and Pii{x, T'^x) = Hog A for all x G A'. 

Now if r{pfj) = log A ■ Z and A and B are measurable sets of positive measure 
then certainly A and B communicate via some /. Since T is type and Jl is 
special we also have that every subset of B of positive measure communicates with 
itself via —I and it follows that A and B communicate via 0, as desired. 

On the other hand if 5 is ergodic, since rtop(p/i) = logA-Z = rtop{pji) then there 
certainly exist (clopen) A and B which communicate via 1. If C is an arbitrary 
measurable set of positive measure then by ergodicity of S each subset of C of 
positive measure communicates with both A and B via and 'by composition' it 
follows that C communicates with C via 1, showing that A G r{p-p,) = r{pij). Thus 
r{pfi) D log A • Z and we already have the opposite inclusion. 

The following statement is a refinement of Lemma 1.4(ii) for type III\ systems. 

Lemma 2.3. Let T be of type III\, rtop(p/t) = logA • Z and pt a special measure. 
Given two clopen subsets A,BcX with p{B) = X'^p{A), there exists a homeomor- 
phism S : A^ B such that S G [[T'lJtop Pij,{x, Sx) = k log A for all x e A. 

Proof. Let n{x) := min{n > | p^{x,T"x) = 0} and Rx := T'^'-'^^x. Since p^ is 
continuous and takes values in the discrete set log A • Z, it is easy to see that n is vir- 
tually continuous so that R G [[rjjtop- The ii-orbit equivalence relation co-incides 
with iS, the measure-preserving subrelation. Hence R is ergodic by Remark 2.2. 
Since T is ergodic of type there are a non-empty clopen subset Aq C X and 

I G Z such that Pi^{x,T''x) = fclogA for all a; G ^o- In view of Lemma 1.2 we may 
assume that p{Ao) = N~^p{A) for some N e. Z. Again by Lemma 1.2, there are 
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partitions A = Ai and B = Bi of A and B into clopcn subsets Ai and Bi 
such that iJL{Ai) = N-^ij{Ao) and /u(-Bi) = A^~V(-Bo) for all i. By Lemma 1.4(i), 
there exist homeomorphisms 7^ : — > and Si : Bi ^ T'Aq with 7^,(5^ e [[^]]top- 
It remains to set 5a; := 5'^^T^^iX for all x e Aj, i = 1, . . . , A''. □ 

Lemma 2.4. Lei {(J^tT) be as in Lemma 2.3. Let D,D be two countable discrete 
spaces and B a clopcn .subset of X. Let v be a finite measure on Ir x D such that 
u(i,d)/i/{j,d) is a power of X for all i,j € Ir and d € D. Given continuous onto 
m.aps u : B ^ D and v : Ir x D ^ D such that /z o =1/0 v~^, there are an 
r-uniform equivalence relation S C TZt on B , an S -fundam,ental .subset B G B, 
an {S, B)- splitting homeomorphism v : Ir x B ^ B and a measure-preserving 
continuous onto map u : B ^ D such that the following diagram commutes 

{B,ii) < — - — {IrXB,IJ,Ov) 

idxu 

{D,vov-^) ^ {IrXD,u) 

and Pi_i,{v{j,b),v{i,b)) = log(i/(j, u(6))/i/(i, for all i,j e Ir and b £ B. Here 

B and D are identified with the 'bottom' levels {0} x B and {0} x D of Ir x B and 

Ir X D respectively equipped with the induced measures. 

Proof. Since iJL{u~^{d)) = v{y~^{d)) for each c? £ D, it follows from Lemma 1.2 
that there exists a partition B = |J(i dje/ xD^id '^^ ^ clopen subsets such 
that ^J■{B. = ^{i, d) and u{B. = v{i, d) for all {i, d) & Ir x D. Hence the ratio 
li{B^ ~) / fi{Bij ^) is a power of A and then Lemma 2.3 yields that there exists a 
homeomorphism 7. j : S.^^ B^ i^ such that 7.^^ G [[T'lltop and 

Pi^ix^^i,dP^) = fog(M(5o,d)//^(^i,d)) all X e B. J. 

Let S be the equivalence relation generated by the graphs of all 'y^ i G Ir, d G D . 
It is r-uniform and the subset B := LldeS ^0 d ^ «S-fundamental. It remains 
to put u = d on Bq J and v{i, b) = 7~j& if {i, b) G Ir x B^ j. □ 

Now we state and prove the main result of this section — part (i) of Theorem 0.1. 

Theorem 2.5. Let {X,t, ^i,T) and {X' ,t' , ^' ,T') be two dynamical systems of 
type III\, < A < 1, and rtopiPn) ~ '^top{Pn') = fog A • Z. Then these systems are 
almost continuously orbit equivalent. 

Proof. By Proposition 2.1 we may assume without loss of generality that p and p' 
are special for T and T' respectively. Let m and m' stand for the complete metrics 
compatible with the topologies on X and X' respectively. Fix a sequence e„ 0. 
Suppose that we have inessential reductions Xq c X and Xq c X', a sequence of 
positive integers r„ and two nested sequences of clopen subsets 

Xq =: Bq D Bi D ■ ■ ■ , Xq =: Bq D B[ D ■ ■ ■ 

in Xq and Xq respectively such that B„ is a fundamental subset of an r„-uniform 
equivalence relation TZn C TZt H (Bn-i x Bn-i) and B'^ is a fundamental subset of 
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an r,j -uniform equivalence relation IV^ C TZt' n (-B^_i x -B^_i). Suppose also that 
we can choose for any n, 

• an {Tin, i?n )-splitting homeomorphism /i„ : I^.^ x i?„ — > -B„_i, 

• a measure preserving continuous map p„ of -B„ onto a discrete countable 

set D„, 

• a measure preserving onto map gn ■ Ir„ x D„ Dn-i, 

• similar objects h'^,p'^,g'^ for the second system 

in such a way that the infinite diagram 

Aq < in X iJi •! ifi X -02 ■* • • • 



idxpi 



idxidxp2 



(2-2) 7,^ X Di ^^^^ X X D2 

idxp'i 



idxg2 T T ^, idxidxga 

■ iri X 1, 

idxidxp2 



J^^XS; IriXlr^xB', ^^^^^^ ... 

commutes. 

Since each arrow in the upper line is a homeomorphism the measure /x in Xq 
induces a measiue on each space in the upper line and these measures in turn 
project onto the spaces in the middle line. We also require of (2-2) that these 
measures on the middle line co-incide with the measures coming in the same way 
from the lower line. Thus every space in the picture carries a measiire and the 
arrows are all measure-preserving. For any n, we have a continuous onto map from 
Xo to 7ri X ... X 7r„ X Dn which is a composition of n reversed horizontal arrows 
plus a vertical arrow. We denote this map by 7r„ and view it as a partition of Xq 
into clopen subsets. We will denote by TZn the natural extension of Tin to Xq. 

We further require of (2-2) that 

(A) for each odd n, the diameter of (every atom of) 7r„ is less than e„ with 
respect to m; 

(<C>) for each odd n there is a clopen subset 0„ C Xq such that niPn) > 1 — e„ 

and Tx e 7t„(a;) for all x €:0n- 
(v) for all n the Radon-Nikodym derivative on Tin is equivariant under p„, i.e. 

given d € Dn and i,j £ 7r„, the map Pn^{d) 3 b ^ p^(/i„(i, 6), /i„(j, 6)) is 

constant. 

(•s?) similar conditions hold for the 'bottom line' of (2-1) but with "odd" replaced 

by "even" n in (A) and {<}). 

Under all these assumptions on (2-2) we proceed to construct our orbit equiv- 
alence. Denote by Z the topological and measure-theoretic inverse limit of the 
middle line in (2-2) and denote by i' the measure on Z. It is obvious that Z 
is a 0-dimensional Polish space. An element ^ of Z is a sequence {zn)^^i such 
that Zn = (ii, ■ ■ ■ ,im dn) for some ik G Ir^, 1 < k < and dn 6 7)„ with 

n+1 ? 

1), n > 1. Since (2-2) commutes and all the arrows are onto, 
there is a continuous map (p : Xq ^ Z whose image is dense in Z. It follows 
from (A) that (j) is one-to-one and open as a map from Xq to 4>{Xq) endowed with 
the induced topology, that is is a homeomorphism onto its image. Since Xq is 
Polish, ^{Xo) is Polish. It follows by the Alexandrov-Hopf theorem that ^(Xq) is 
a Gs in Z. Note also that fj. o = v. 
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Wc let G denote the countable subgroup of [T]top which is the increasing union of 
the finite subgroups Gn ■= G^ . We claim that, because of (<C>), T G [G]top, so that 
in fact [T]top = [GJtop- To see this note that for n odd we have T|o„ G [[Gn]]top, 
that is Tx = gn{x){x) where g„ : 0„ G„ is virtually continuous. (See the remark 
after the proof of Lemma 1.11.) Let O — lJn>o G2n+i, a virtually open set of full 
measure. If we define 5 : O — > G by g{x) = g2n+i{x) for x G 02n+i\02n-i then g is 
virtually continuous, since each 02n+i\02n-i is clopen and Tx = g{x)x for x G O. 
This shows that T G [G]top as claimed. 



The permutation group S^r 



acts on x • • • x /^^ and these permutations 



lift to homeomorphisms of Z, comprising a group which we denote It is clear 
that (l)Gn4>~^ = Hn so (j)G<j)~^ = H where H = [j^ Hn- Thus we have 

0[7']top<?^~^ = ?!>[G]top<?^~^ = [-ff]top- 



In a similar way — using (^) — one can define a measure-preserving map i 
Z which is a homeomorphism onto a dense G5 such that 



top 



and /x' o = I/. Now the map 'ij) = (</>') ~^ ° 4' is virtually everywhere defined 

and '0[T]topV'~^ = [S\tov so V is a (measure-preserving) almost continuous orbit 
equivalence. 

It remains to explain how to construct (2-2) satisfying (A), (<», (v) and {^). 
This will be done via an inductive process. Suppose we have already constructed (2-2)| 

right up to an odd index n. Moreover, suppose that the 'bottom square' of (2-2) 
with index n+1 also has been constructed. Thus the following fragment of (2-2) 
commutes: 

Bn 



(2-3) 



7-, 9n + l f 

J^n ■* -'r-„+i X J^n+l 



Recall that the arrows are assumed measure preserving. Since fJ is special and ip) 

and (v) hold, it follows that the measure on /r„+i x I?„+i, say Vn+i, is such that 
i/„-)-i(i, d)/vn+i{j, d) is a power of A for all i, j G /r„+i and d G -Dn+i- Then we can 
apply Lemma 2.4 to find an r„+i-uniform subrelation 7^„+i C TZ-t n (B„ x Bn), an 
7?,„_l_i-fundamental subset Bn+i C Bn. a (7?,„-|-i, i?,i-|-i)-splitting homeomorphism 
hn+i '■ Ir„+i X Bn+i — > -Bn and a measure preserving continuous onto map Pn+i '■ 
Bn+i Dn+i such that the diagram 



Bn ^ Irn+\ X B:, 



n+1 
idxp„+i 



Dn ■* -^r„+i X Dn+l 
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commutes and the Radon-Nikodym derivative on TZn+i is equivariant under p„+i 
(i.e. (v) holds for n+1). Now apply Lemma 1.11 to find r„+2 > 0, an r„+2-umform 
subrelation 'Rn+2 C TZt n (-B„+i x Bn+i) and a subset 0„+2 C Xq satisfying (0). 
Select an 7?,„+2-fundamental subset Bn+2 C -Bn+i and an (7?.„+2, -Bn+2)-splitting 
homeomorphism hn+2 '■ -^r„+2 ^ -Bn+2 — > -Bn+i- Take now any countable onto 
map Pn+2 from -B„+2 to a countable discrete set £>„+2 such that the diameter 
of the corresponding partition 7r„+2 of Xq is less then e,i+2, i-e. (A) is satisfied. 
'Refining' Pn+2, if necessary, we can also assume that there exists an onto map 
gn+2 '■ Ir„+2 ^ Dn+2 — ^ -D„+i such that the diagram 



Pn + l 



(2-4) 



idxp„+2 



-Dn+1 •* — Ir„+2 ^ Dn+2 



Pn + l 



commutes and (v) holds for n + 2. The diagram (2-4) is a 'reversed' version of (2-3) 
but with index n+2. Iterating this argument infinitely many times we come to (2-2). 
For that (v) is used: constructing (2-2) from 'measure preserving' diagrams (2-3) 
and (2-4) we obtain a fragment of (2-2) which is also measure preserving. 

It should be noted that every time when we apply Lemmata 2.4 and 1.11 to define 
or we change the previously defined subsets Bi, . . . , B„ and B[, . . . , B'^. 
Indeed, we reduce them to some inessential reductions of X and X'. Making 
countably many steps we intersect countably many such inessential reductions to 
obtain Xq and Xq after all steps done. □ 



3. Type Ilh 

In this section we prove Theorem 0.1 in the case when T is of type I Hi. We 
start with a crucial lemma which refines Lemma 1.4(ii) (cf. Lemma 2.3). 

Lemma 3.1. Let T be of type IIIi and let A, B be two non-empty clopen subsets 
in X. Then for each e > 0, there are open subsets A' d A, B' d B and a 
homeomorphism S : A' ^ B' such that fi{A \ A') = ^{B \ B') = 0, {x,Sx) € TZt 
for all X e A' , the map A' ^ x Pfii^, Sx) is continuous and 



\pi^{x, Sx) - log{n{B)/ij,{A))\ < e for all x e A'. 



Proof. We construct S via an inductive process. Since the real w := \og{iJ,{B) / IJ.{A)) 
belongs to r{p^), it follows from [Krl], [HO] that there are N > and mutually 
disjoint Borel subsets (^j)|j|<7v of A such that 
(o) 1/2a*(A) < E|.|<ArM(^.) < 3/4m(A), 

(o) the sets Bi := T^Ai are mutually disjoint Borel subsets of B, 
(o) \pfi{x, T^x) — w\ < 5/2 for a very little < 5 < e at all a; e and 
(o) 1/2/x(B)<Eki<jvM50<3/4M-B)- 
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Now find mutually disjoint clopen subsets A'- c A such that 

(o) ^i{A^AA,) < S^i{Ai), 

(o) the subsets := TM°, |i| < N, are mutually disjoint (clopen) subsets of 
B and 

(o) \pf,(x,T''x) -w\<S for all x e A°. 
We now define a homeomorphism — a 'piece' of S — from a clopen subset Aq := 
LJ|i|<Ar^o of ^ o'^to ^ clopen subset Bq := |J|i|<Ar^o ^y setting Sx := T^x if 
X e A^. Notice that 

(o) 1/2 < ^i{Ao)/fi{A) < 3/4, 1/2 < At(Bo)//i(B) < 3/4, 
(o) ^x) — w| < (5 < e for all a; G A^, and 

(o) the map Aq 5 x i-^ Piiix, Sx) is continuous. 

This completes the first step of the inductive procedure. Now repeat the same for 
the pair of clopen subsets A\At^ and B\Bq (notice that the real log(fj,{B\Ba)/ fi(A\ 
Aq)) belongs to r{pfj) and it is very close to w) and so on. It remains to concatenate 
the pieces of S that were constructed on all steps to obtain a homeomorphism S from 
an open subset A' oiA, ijl{A') = ii{A) to an open subset B' oiB, ij,{B') = fi{B). □ 

The following statement is a /J/i-analogue of Lemma 2.4. We omit proof of it 
since it coincides almost verbally with that of Lemma 2.4 (just replace the reference 
to Lemma 3.1 with the reference to Lemma 2.3). 

Lemma 3.2. Let {n,T) be as in Lemma 3.1. Let D,D be two countable discrete 

spaces and B a clopen subset of X . Let v be a finite non- degenerated measure on 
IrXD. Given e > and continuous onto maps u : B D and v : Ir x D D such 
that iJ,ou~^ = yov~^ , there are an r -uniform equivalence relation S C TZt on B, an 
S-fundamental subset B c B, an {S,B) -splitting homeomorphism v : Ir x B ^ B 
and a measure preserving continuous onto map u: B ^ D such that the following 
diagram commutes 

{B,ii) < — - — {IrXB,IJ,Ov) 

idxS 

{D.VOV-^) ^ {Irxb.v) 

and \pij,{v{j,b),v{i,b)) — \og{y{j,u{b))/i'{i,u{b)))\ < e for all i,j G Ir and b £ B. 
Here B and D are identified with the 'bottom' levels {0} x B and {0} x D of IrX B 
and Ij- X D respectively equipped with the induced measures. 

We now prove the main result of this section. 

Theorem 3.3. Let {X, r, T) and {X', t', /j.', T') be two dynamical systems of type 
They are almost continuously orbit equivalent. 

Sketch of the proof. The structure of the proof is the same as in the proof of 
Theorem 2.5. We use the same notation as there and emphasize only the new ideas 
in the proof. Fix a sequence e„ > such that X^^i e„ < oo. As in the proof of 
Theorem 2.5, wc will construct a commuting diagram (2-2). However the vertical 
arrows (and hence the orbit equivalence (0')~^ ° '/') ^^^^ longer be measure 
preserving. Nevertheless it will be nonsingular with continuous Radon-Nikodym 
derivative. 
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We replace (v) with 

(v)' the Radon-Nikodym derivative on TZn is 'up to e„' equivariant under p„, 
i.e. given d e D„ and i e Ir„, the map p^^{d) 3 b i-^ p^(/i„(0, 6), /i„(i, 6)) 
is constant up to e„ 

if n is odd and 

(v)" the Radon-Nikodym derivative on TZn is up to e„ equivariant under 7r„, i.e. 
given (ii, . . . , in, dn) & In x ■ ■ ■ x Ir„ x Dn, the map 

n 

PnHdn) 9 bn ^ Pfi{hj{0,bj) , hj{ij ,bj)) 

is constant up to e„, where bj-i := j = n, n — 1, . . . , 2, 

if n is even. We also replace references to Lemma 2.4 with references to Lemma 3.2. 
The rest of the construction is same. 

Let us verify that iio(j)~^ ^ ^' o(j)'~^ with continuous Radon-Nikodym derivative. 
First, we note that (Xq, /i) = proj lim„^g^(X„, where Xn := /n x • • • x 1.^^ x i?„ 
and iJLn is the image of fi under the canonical homeomorphism of Xq with X„ (see 
the upper line in (2-2)). On the other hand, we have a sequence of measures Un on 
Ir„ X Dn 'intertwined' by the maps Qn- They lead naturally to an 'inverse' sequence 
of probability spaces 

try \ idxg2 , ry \ id X id X fls 

(Zi,?7i) < (2^2,772) < ••• , 



where := 1^ x • • • x Ir^ x Z)„ (see the middle line in (2-2)). Let 77 denote 
the inverse limit of {r}n)n- This is a probability measure on Z. Notice that (f) = 
proj lim„^^ (j)n, where (/>„ = id x • • • x id x p„ maps X„ onto Z„. We now verify 
that the sequence of continuous functions 

an'. Z 3 a„(z) := log(d^„ o (f)~'^ /drjn){zn) G M 

converges uniformly on Z along odd n ^ 00 . For this, we introduce some notation. 
Given i G 7r„ and d G Dn, we set i^n{i\d) := i'n{hd)/un{0,d). Then for all ii G 
In, ■ ■ ■ ,in & Ir„,dn & Dn, we have 

Vniil, ■ ■ ■ , in, dn) — 

P n 

IJ-nO<Pn^{h,---,in,dn) = / T[ ex.p{pf,{hj{0,bj), hj{ij ,bj))) diJ,{bn), 

where dj-i = 9j{ij,dj) and bj-i = hj{ij, bj), for j — n,n — 1, 2. Since the map 
id x pn is measure preserving, we deduce from (v)' that 

(3-1) p^{hn{0, b), hn{i, b)) = log(!y„(i|d)) ± e„ for all b G p'^id), ielr„,de Dn, 
if n is odd. On the other hand, (v)" yields 



P n 

/ n exp(p,.(/ij(0, bj),hj{ij,bj))) dn{bn) 



'A-S{ M-iPn^idn)) 

for every (ii, . . . , i„, dn) & In x • • • x /r„ x D„ and Borel subset A C p~^(d„) if n 
is even. This fact and (3-1) imply that |a„+i(z) — a„(z)| < 2e„ for all z G Zq if n is 
odd. Hence /x o ~ ry with continuous Radon-Nikodym derivative. In a similar 
way one (changing the parity of n) can show that /u' o (^'~^ ~ 7/ with continuous 
Radon-Nikodym derivative. □ 
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